I Abstract
This paper describes a relatively inexpensive, fast, and easy to execute approach to mapping the volumetric errors of a machine tool, coordinate measuring machine, or robot.
An error map is used to characterize a machine or to improve its accuracy by compensating for the systematic errors. The method consists of three steps: (1) modeling the relationship between the volumetric error and the current state of the machine; (2) acquiring error data based on length measurements throughout the work volume; and (3) optimizing the model to the particular machine.
I . Background
There are three documented methods for modeling volumetric errors: ( 1) volumetric error modeling, (2) parametric error modeling, and (3) functional error modeling. Volumetric error modeling involves measureing the volumetric errors throughout the working space of the machine. The error zit a given location is determined by interpolation between the measured points. For good accuracy, many points must be measured. Furthermore, to date an adequate measuring device does not exist. Parametric error modeling, the most commonly used method, measures the six parametric errors of each moving element and then combines them based on the geometry of the machine to form a functional point to workpiece error. Parametric error modeling is often not practical due to the complexity, time requirements, and expense. Functional error modeling represents the volumetric errors as a function of the current state of the machine (commanded position, temperature, etc.) , and the function is fit to volumetric error measurements. Because the model provides an intelligent way to interpolate between measured points, fewer measurements are required. Current technologies for acquiring volumetric error measurements include probing a known artifact, but it is difficult to acquire an adequate density of measurement points. Alternatively, we are using a new measurement technique based on length measurements for acquiring volumetric error measurements.
I Model Development
The functional model is built from the parametric error model. The parametric errors are appropriately combined to predict the error between the functional point and workpiece. Mathematical expressions for each parametric error component are then substituted into the parametric error model. As a first attempt, we have used simple polynomials that are only dependent on commanded position. If no nonrigid coupling between axes is expected, the mathematical expression for each parametric error will only be dependent on the moving axis position; however, if non-rigid coupling is expected, the mathematical expression may contain other axes. It should be noted that the model development requires full knowledge of the machine behavior for a given machine design. However, the model is characteristic of all machines with that design so that the general model only needs to be developed once.
In the future, we will investigate other functional forms such a s orthogonal polynomials and splines. We also plan to incorporate quasi-static thermal and load induced errors into the model. Along with the current location of the machine, the model would then include current temperatures of critical locations on the machine and the part weight.
L Measurement Technique
A series of length measurements, taken from several fixed base locations to various functional points in the work volume, are compared with the respective lengths calculated between the commanded positions and the nominal base locations. The difference between measured and calculated lengths to a point is approximately equal to the component of error projected onto that measurement direction. This difference is then set equal to the projected error, expressed as a volumetric function. The parameters of the function are solved to optimize its global fit to all the measurements.
The notation in Table 1 will be used throughout. The error vector is defined as and the projection of the error vector onto the nominal commanded length vector is
Because the error is small with respect to the measured length, the projection of the measured length vector onto the commanded length vector is approximately the magnitude of the measured length, e = L , -L c .
(1)
LC
Equation 2 Applying Equation 5 to only three measurements, one from each base location to a single point, would result in three linear equations that can be solved directly for the three-dimensional volumetric error. This is the linearized form of trilateration. This method of projecting errors onto the nominal commanded length vector, which we refer to as the error projection method, is naturally extendible to any number of measurements for the purpose of fitting the functional model. This is accomplished by substituting models for dx, dy, and dz into Equation 5. Then lengths from three or more base locations to the functional point are measured for commanded positions throughout the working volume. Applying Equation 5 to each commanded position results in an overdetermined set of equations that can be solved for the unknown model parameters using linear regression. The non-systematic errors tend to be smoothed during the fitting procedure. If (1) the error model is correct and (2) the non-systematic errors appear to be random, the model fitting will have an averaging effect on the errors. To ensure that time dependent errors appear to be random, the measurement points are taken in a random order to disassociate time and position. For example, the measuring device, if accidentally warmed by the operator, will slowly cool causing measurement errors that are associated with time. If the measurements were taken in a particular order, for instance always increasing in the x direction, then the time related errors will couple to the x-axis motion. Unavoidable time dependent errors can be reduced by randomizing the order of measurements so their random appearance will average in the fitting process.
L Model Optimization
To ensure that the error model is correct, the general model for a given machine design must be optimized for the specific machine. The general model that describes all for a given design will have more terms than required for most machines. The extra terms hurt the predictive ability of the model because the extra terms begin to fit the noise in the data. Therefore, the best subset model must be selected for each particular machine. Unless the model is orthogonal, every possible subset must be considered. To find the best model, I
have had most success using Mallows Cp statistic, which is an unbiased estimator of the total sum of squares of discrepancies (variance error plus bias error) of the candidate model from the true but unknown model, and is calculated by 
I. Results
The volumetric error map represents the systematic portion of the error, where the apparently non-systematic errors are those that are not taken into account in the model. The degree of systematic error that can accurately be is controlled by the number of measurements and the non-systematic errors of the length measuring device and the machine. During initial testing, we acquired 1500 length measurements throughout the volume of a three-axis machine in three hours using a Laser Ball Bar manufactured by Tetra Precision. Model predictions were then compared to independently acquired body and face diagonal errors measured with a laser interferometer. The model predictions were within 2 pm of the diagonal measurements, which is the combined non-systematic error of the measuring device and the machine. Given an infinite amount of data, the prediction should exactly predict the apparently systematic portion of the machine error assuming that the model is appropriate and that the measurements are taken throughout the volume.
I Conclusion
In conclusion, the functional error model can accurately represent the volumetric errors throughout the working space of a machine. Furthermore, the error projection method provides a means to recover volumetric errors from rapidly acquired length measurements. The reduction in time required to map the volume is the benefit of this method rather than improved accuracy over current technologies. However, the accuracy of the error map is comparable to that achieved using conventional methods. We have not explored the use of this method on ultra-precision machine tools and coordinate measuring machines. A length measuring device with adequate accuracy would be required.
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